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Recurring question families

Block What repeatedly appears in past papers

Language and syntax Define the language; decide if a string is a formula; compute de-
gree or weight; translate between L1 and £; describe a theory
by choosing predicates/functionals and writing sentences.

Propositional logic State semantic notions; run semantic tableaux for tautology or
entailment; give direct Hilbert-style proofs; use the Deduction
Theorem; prove Soundness or Adequacy; use Completeness, Com-
pactness, or Decidability as quoted tools.

First-order logic Define structures, free/bound variables, sentences, terms,
and theories; build theories for graphs, posets, groups, or
finite-cardinality constraints; prove Compactness or Upward
Lowenheim-Skolem; describe weak Peano arithmetic and explain
non-standard models.

Computability Define register machines, computable functions, and recursive
partial functions; design machines for linear or affine functions;
show functions are recursive by closure properties; use diagonal-
isation to show a function is not recursive.

Notation and labels

° : exact concept to memorise.

® |Statement | theorem, proposition, or lemma whose wording you should know.

. : the proof is examinable.

. : the statement is examinable but the proof is excluded by the examinable-
material sheet.

® | Typical question | a representative exam-style method or construction.



1 Language and Formula Syntax

1.1 Core language
Symbols of the general first order predicate language

The symbols used to construct the general first order predicate language L are:
1. a countably infinite set of variable symbols, such as {x1, z2,x3,...};
2. for each non-negative integer arity n, a countably infinite set of n-ary predicate symbols;

3. the symbols —, =, ¥, ().

Definition 1.1

The set of formulae in the general first order predicate language is denoted by L, and is defined
inductively as follows:

1. If P is an n-ary predicate symbol and x4, ..., z, are variable symbols, then Pxj ...z, is a
formula.

2. If a is a formula, then so is —a.
3. If o, B are formulae, then so is = af.
4. If z is a variable symbol and « is a formula, then Vza is a formula.

Exam tip. To decide whether a string lies in £, do not guess from appearance. Ask whether it
can be built only by repeated use of the four formation rules above.

e A lone variable is never a formula.

Predicate symbols need the correct number of variables.

Negation only acts on a formula.

Implication takes two formulae.

A universal quantifier must be followed by one variable and one formula.

Formula-recognition checklist Typical question

When a past paper gives strings and asks whether they are formulae, the fastest safe approach
is:

1. Identify the outermost symbol.

If the outermost symbol is a predicate, check arity exactly.

If the outermost symbol is =, check that the remainder is a formula.
If the outermost symbol is =, split into two formulae.

If the outermost symbol is V, check the next symbol is a variable and the rest is a formula.

A o

If none of these applies, the string is not a formula.



1.2 Degree and weight

Definition 1.5

If «v is a formula, then the degree of «, written deg(«), is the non-negative integer obtained by:
1. adding 1 for each occurrence of —,
2. adding 2 for each occurrence of =,
3. adding 1 for each occurrence of V.

Useful examples:

deg(Pz) =0, deg(—Pzx) =1, deg(Vzr Qxy) = 1, deg(= Pz Qzy) = 2.

The degree measures the complexity of a formula and is the standard induction parameter in
Chapter 1.

Definition 1.7

For a string s in Lgtring, the weight of s, written weight(s), is the integer obtained by summing:
1. —1 for each variable symbol in s,
2. n — 1 for each n-ary predicate symbol in s,
3. 0 for each —,
4. 41 for each =,
5. +1 for each V.
Typical values:

weight(Pz) = —1, weight(Qzy) = —1, weight(Vx) =0, weight(= Px Qzxy) = —1.

Proposition 1.8 Statement | Proof required

If o € £, then weight(a) = —1.

Proof. Use induction on deg(«).

Base case: if deg(a) = 0, then o must be of the form Px; ...z, for an n-ary predicate symbol
P, so
weight(a) = (n —1) —n = —1.

Inductive step: assume the result for all formulae of degree at most n, and let deg(a) =n + 1.
1. If & = —ay, then deg(ay) = n, so weight(a;) = —1 inductively. Hence
weight(a) = weight(—) 4+ weight(a) =0+ (—1) = —1.

2. If « == ajan, then deg(a) = 2+ deg(aq) + deg(az), so both deg(a) and deg(az) are less
than n + 1. Therefore weight(ay) = weight(ag) = —1, and

weight(a) =1+ (-1) + (1) = —1.
3. If a = Vzay, then deg(ay) = n, so weight(ai) = —1. Therefore
weight (a) = weight (V) 4 weight(z) + weight(ay) =1+ (—1) + (-1) = —1.

So in every case weight(a) = —1.



Proposition 1.10 Statement | Statement only

Suppose that o € £ and that « is the concatenation B+ for non-empty strings 3,7 € Ltring-
Then f is a proper initial segment of o and weight(/3) > 0. In particular, S cannot have weight
—1.

Key consequence. No proper initial segment of a formula is a formula. This is often the
cleanest way to justify that a proposed split of a string cannot be correct.

1.3 Conventional language and translation

Definition 1.11

The set of formulae in the general conventional functional first order predicate language is
denoted by Liath, and is defined inductively as follows:

0. Each variable symbol is a variable.
1. If F'is an n-ary functional symbol and z1, ..., z, are variables, then Fzi ...z, is a variable.
2. If P is an n-ary predicate symbol and x1, ..., x, are variables, then Px; ...z, is a formula.
3. If « is a formula, then so is —a.
4. If «, B are formulae, then so is = af.
5. If x is a variable symbol and « is a formula, then Vza is a formula.

The symbols used to construct this more workable version of the language are:
1. a countably infinite set of variable symbols, for example {z1,x2,z3,...};
2. for each non-negative integer arity n, a countably infinite set of n-ary predicate symbols;
3. for each non-negative integer arity n, a countably infinite set of n-ary functional symbols;
4. the symbols —, =, ¥, ().

The key abbreviations are:
aVp:=(-a)=p,

ahfi==(a=(=5)),
as fi=(a=0)N(P=a),
dr a = (V) ().
Exam tip. Translation from L., to £ usually proceeds in this order:
1. eliminate 3, V, A, and <,
2. rewrite infix predicate or functional notation into prefix form,

3. remove superfluous brackets only at the end.

Representative translation Typical question

Translate
(Fx) ((—|Px) = Qxy)

from Lo to L.



Replace dz by =Vz— and then rewrite implication in prefix form:
V- = - Px Qxy.

That is the required formula in L.

1.4 Chapter 1 examples: posets and groups

Poset definition in words, L.ih, and £ Typical question

A poset is a set X together with two relations, = and <, satisfying:
1. forallz € X, z < x;
2. forall z,y € X, if x <y and y < x, then z = y;
3. forall z,y,z € X,if x <y and y < z, then x < 2.
Take Il = {=,<} and Q@ = @.
In Latn the defining statements are:
1. (Vz)(zx < z)
2. (Vo) (Vy)(((z <y) A (y < 2)) = (2 =y))
3. (Vo) (Vy)(V2)((z < y) A (y < 2)) = (¢ < 2))
In £ these become:
1. Vo < zxz
2. VaVy = ~=<zy-<yr =2xy

3. VaVyVz = - =<zy—-<yz <zxz

Group definition in words, Lah, and £ Typical question

A group is a set G together with an operation o satisfying:
1. if z,y € G, then z oy € G}
2. there exists an identity element e € G such that, forallz € G, ecx =x =z 0¢€;
3. for each x € G, there exists y € G such that roy =e=youx;
4. for all x,y,2 € G, (roy)oz==x0(yoz).

Take IT = {=} and Q = {M, E'}, where M is a binary functional for the group operation and F
is a O-ary functional for the identity element.

Important note. The closure clause is not written as a first-order axiom here; as in the official
notes, it is treated as built into the intended structure. So the formal axioms begin with identity,
inverse, and associativity.

Tn Loath the defining statements are:
1. (Vz)(M(E,z) = z) A (M(z,E) = z)))
2. (V2)3y)((M(z,y) = E) A (M(y,z) = E)))
3. (Ya)(Vy) (V2) (M (M (z,y), 2) = M(z, M(y, 2)))



In £ these become:

. Ve == MFEzx—~= MzFEx
. Ve =Vy - == MayE -~ = MyxE
. VaVyVz = MMaxyzMaxMyz

What usually gets tested

State Definition 1.1 exactly.

State the symbol list for £ and the full inductive content of Definition 1.11.
Decide whether a string is a formula by explicit use of the formation rules.
Compute degree and weight quickly.

Use Proposition 1.8 to prove a formula must have weight —1.

Use Proposition 1.10 to rule out incorrect parsing.

Translate between L,.¢, and £ without dropping a negation or quantifier.

Write the poset and group axioms in words, in Lyatn, and in L.



2 Propositional Logic

2.1 Symbols

The symbols used in propositional logic are:

1. acountably infinite set of primitive propositions, such as { P}, P>, P3,... } or {P,Q, R, P',Q', R/, ..

denoted by Lh;

2. the symbols =, =, (,).

2.2 Semantics

Definition 2.1 (Set of Propositions)

The set of propositions, denoted by Ly, is defined inductively as follows:
1. Every primitive proposition is a proposition: if P € £§, then P € L.
2. If a is a proposition, then so is —a.

3. If «, 8 are propositions, then so is (a = f3).

We use the usual shorthand:

aVp:=(-a)=8  aAf:=-(a=>-0), aef:=(@@=pF)AB=a).

Definition 2.2 (Valuation)
A valuation is a function v : Lo — {0, 1} satisfying:

1. v(—a) =1—v(a),

2. v(a = B) = 0 exactly when v(a) =1 and v(f) =0, and is 1 otherwise.

Proposition 2.4 Statement | Statement only

If two valuations agree on all primitive propositions, then they agree on all propositions.

Proposition 2.5 Statement | Statement only

Any function f : £ — {0,1} extends to a valuation on L.

Definition 2.7

If v(a) = 1, then « is true in v, and v is a model of a. If v(s) =1 for every s € S, then v is a
model of S.

Definition 2.8 (Tautology)

A proposition « is a tautology if v(«) = 1 for every valuation v. We write F a.

-1



Definition 2.9

Two propositions «, 8 are semantically equivalent if v(a) = v(f3) for every valuation v.

Definition 2.18 (Semantic entailment)

For S C Ly and « € Ly, we write
SFE«a

if every valuation making all propositions in S true also makes «a true.

Equivalent language:
e S F a means every model of S is a model of a.

e F a means @ F q, i.e. « is a tautology.

2.3 Semantic tableaux

The semantic tableaux method is often the quickest way to answer a 20-mark semantics question.

Basic decomposition rules. It is easiest to remember these diagrammatically.

alp aVvp
| N
a, B a B
a=pf asf
RN N
o ﬁ «, ﬁ o, _‘B
——a  (aVp) —(anB) (o= p) (< B)
C U AN
a —a, 2 T« B a, =f a, =f -, f

Closure rule. A branch closes if it contains both ¢ and —d.

How to use tableaux
e To test whether « is a tautology, start with —c.
e To test whether S F «, start with all members of S together with —a.
e If all branches close, the tautology/entailment holds.

e If an open branch remains, read off a counterexample valuation from that branch.



Representative tableau: show {a = (8 =17),8} Fa=1v Typical question

a= (B=17), B, ~(a=7)

o, 7y
/ \
e 8=
closed -3 gl
|
closed closed

All branches are closed, so
{a=(B=1).BFa=1.

2.4 Proof system

The three Hilbert axioms are:
Axiom 1: a = (8 = «)

Axiom 2: (a= (B=7)) = (a=0) = (a=17))
Axiom 3: ((—a) = (=0)) = (((ma) = B) = «).

The rule of deduction is modus ponens: from « and o = 3, deduce 8.

Definition 2.25

A proof of « from S is a finite ordered list t¢1,...,%, with ¢, = « such that each line is:
e an axiom,
e a hypothesis from S, or

e obtained from earlier lines by modus ponens.

Definition 2.26

We write
SEka

if there exists a proof of a from S.

Definition 2.27 (Theorem)

A theorem is a proposition « such that @ - a. We also write F a.

10



Proposition 2.28

For any a € Ly,

Fa= .

Proof. A standard 5-line proof is:

1.

(= (a=a)=a)=(a=(a=a) = (a=a)

2. a= ((a=a)=aq)

3. (a=(a=a)=(a=a)
4.
5

a= (o= )

.=

Proposition 2.29

For any «, B,v € Ly,

{a=p,6=v}Fa=~.

Proof. Use Axiom 2 together with the two hypotheses:

1.

N ok W

a=pf

B=n
(a=(B=7)=(a=p)=(a=17))
B=7)=(a=(B=17)
a=(8=17)

(a=pB)= (a=17)

o=y

Representative direct proof

To prove {a} F 8 = a:

1.
2.
3.

o
a= (= a)

b=«

2.5 Main propositional meta-theorems

Theorem 2.30 (Deduction Theorem)

Let S C Ly and «, 8 € Ly. Then

St (o= p) ifandonlyif SU{a}Fps.

Proof.

Statement | Proof required

Axiom 2
Axiom 1
MP on 1,2
Axiom 1

MP on 3,4

Statement | Proof required

hypothesis
hypothesis

Axiom 2

Axiom 1
MP on 2.4
MP on 3,5
MP on 1,6

Typical question

hypothesis
Axiom 1

MP on 1,2

Statement | Proof required

“=7 If S+ (a = ), append the hypothesis o and then apply modus ponens to obtain 5. So
Su{a}t B

11



“«<” Suppose S U {a} I B, via a proof ti,...,t,. Build a new proof from S containing a = ¢;
for each line.

For each original line ¢;:

1. If ¢; is an axiom or a member of S, then use Axiom 1 to get t; = (o = t;), then apply
modus ponens.

2. If t; is exactly «, use Proposition 2.28 to obtain a = «.

3. If t; comes from earlier lines ¢; and t;, = t; = ¢; by modus ponens, then by induction we
already have o = t; and o = (t; = t;). Apply Axiom 2:

(a=(tj=>t)) = (a=t;) = (a=>t;)),

then use modus ponens twice to obtain o = t;.

At the final line we obtain v = 3, s0 S+ (a = f).

Lemma 2.31 Statement | Statement only

If S+ «, then for any 3,

St B ifand only if SU{a}F .

Lemma 2.32 Statement | Statement only

For any S, «, 53,

SE(a=p) ifandonlyif SU{a}Fp.

Proposition 2.33 Statement | Proof required

For any a € Ly,

F((—a) = a).

Proof idea. By the Deduction Theorem it is enough to prove {——a} F «. Use Axiom 3 with
A=aand B = -«
((a) = (=) = ((ma) = (-a)) = a).

From the hypothesis =—«, Axiom 1 gives (—a) = (——«). Proposition 2.28 applied to —« gives
(ma) = (—a). Two uses of modus ponens yield «, and hence the result follows by the Deduction
Theorem.

Proposition 2.34 Statement | Proof required

For any a € Ly,

F(a = ).

Proof idea. By the Deduction Theorem it is enough to show {a} - =—a. Use Axiom 3 with
A=-oand B=o:

() = (7)) = (-=ma) = a) = ~a).
Now use Proposition 2.33 with a replaced by —« to get

- () = (),

12



and use Axiom 1 together with the hypothesis « to derive
(m——a) = a.

Apply modus ponens twice and conclude by the Deduction Theorem.

Proposition 2.35 Statement | Proof required

For any o, 8 € Ly,

F((m) = (@ = B)).
Proof idea. By the Deduction Theorem twice, it is enough to prove
{-a,a} F 8.
Use Axiom 3 with A= and B = a:
((=8) = (ma)) = ((=6) = a) = B).

From —a and Axiom 1 obtain (—f3) = (—a). From a and Axiom 1 obtain (—3) = «. Then two
applications of modus ponens give 5.

Theorem 2.36 (Soundness Theorem) Statement | Proof required

If S+ «, then S F a.

Proof. Suppose S «. Then there is a proof of a from S, consisting of lines

t1, ... tn,

where the final line ¢,, is the proposition a.

We wish to show that S F «. In other words, we must show that for every valuation v satisfying
v(s) =1 Vs e S,

it also holds that v(«a) = 1.

So consider a valuation v such that
v(s) =1 Vs € S. (%)

We try to show that v(a) = 1.
To do this, it suffices to show that

v(t;) =1 for each i.
There are three cases.

1) Axiom. Suppose line ¢; is an axiom. Since all axioms are tautologies, it must be the case
that
U(ti) = 1.

2) Hypothesis. Suppose line ¢; is a hypothesis, so that ¢; € S. Then by the assumption (x),

u(t;) = 1.

13



3) Modus Ponens. Suppose line ¢; is obtained by modus ponens from two earlier lines
tj,tr with j,k < ¢. Suppose t; is the proposition 9, ¢; is the proposition v, and ?; is the
proposition v = 4.

Since t; and t; occur earlier in the proof, we may assume that
v(tj) =1 and wo(ty) = 1.

Hence
v(y)=1 and wv(y=4)=1

By the definition of a valuation, this forces

that is,

Therefore every line in the proof is true under the valuation v. In particular, the final line %,
satisfies

that is,
v(a) = 1.

Since the choice of v was arbitrary, we conclude that S F a.

Definition 2.37 (Consistency)

A set S C Ly is consistent if there is no proposition « such that S F « and S+ —a.

Proposition 2.38 (Extended Consistency) Statement | Proof required

If S is consistent, then for any proposition «, at least one of S U {a} or S U {—a} is consistent.

Proof. First consider the set S U {-a}.

e If SU{—a} is consistent, then there is nothing more to prove.

e If SU{—a} is inconsistent, we will show that S U {a} is consistent.
So assume that S U {—a} is inconsistent.
1) By definition, there exists some proposition § such that

Su{-a}Fg and SU{-a}F 8.

2) Since S is assumed consistent, in order to prove that S U{a} is consistent, it is enough to

prove that
SFa.

Indeed, if S F «, then Lemma 2.31 tells us that for every proposition v: If S does not prove
contradiction (i.e. consistent), then S U {«a} cannot prove contradiction,

St~y «— Su{a}tnr.

So adjoining « gives no extra proving power, and consistency is inherited from S.

14



3) From
SU{-a}tp and SU{-a}F -p,

the Deduction Theorem gives

St (-a)=p and St (—a) = (=p).

4) From these we may deduce S F « using Axiom 3 and two applications of modus ponens:

1) (ma) = B,

2) (me) = (=B),

3) (ma) = (7)) = (((ma) = B) = a)  (Axiom 3),
4) (o) =)=« (Modus Ponens on lines 2 and 3),
5) « (Modus Ponens on lines 1 and 4).

Thus S F «a. Since S is consistent, there is no proposition § such that
SFd and St —d.
By Lemma 2.31 it follows that there is no proposition d such that
Su{a}Fdé and SU{a}tF -d.

Hence S U {a} is consistent, as required.

Theorem 2.39 Statement | Statement only

If S is a consistent set of propositions, then S has a model.

Theorem 2.40 (Adequacy Theorem) Statement | Proof required

If SE «, then S+ «.

Proof. Suppose S F «. Then every valuation v such that

v(s) =1 Vse S
also satisfies
v(a) = 1.
Equivalently:
e there exists no valuation v such that v(s) =1 for all s € S and v(a) = 0;
e cquivalently, there exists no valuation v such that v(s) =1 for all s € S and v(—a) = 1;
o therefore the set S U {—a} does not have a model.

By Theorem 2.39, it follows that S U {—a} is inconsistent. Hence there exists some proposition
[ such that
SuUu{-a}Fp and SU{-a}F 5.

By the Deduction Theorem,

St (-a)=0 and St (ma) = (—p).

15



We now repeat the same Axiom 3 argument used in Proposition 2.38:

1) (me) = B,

2) (ma) = (=5),

3) (ma) = (=8)) = (((ma) = B) = a)  (Axiom 3),
4) (o) =)=« (Modus Ponens on lines 2 and 3),
5) (Modus Ponens on lines 1 and 4).

Therefore
Sk a.

Theorem 2.41 (Completeness Theorem) Statement | Proof required

For S C Ly and «a € Ly,

SEa ifandonlyif Sk a.

Proof. Combine Soundness and Adequacy.

Theorem 2.42 (Compactness Theorem) Statement | Proof required

Consider a (possibly infinite) set of propositions S C Ly and a proposition o € Ly. If S F «,
then there exists a finite subset S’ C S such that S’ E a.

Proof. Suppose that
S E a.

By the Completeness Theorem, we may deduce that
Sk a.

So there exists a proof of a from S. Since a proof is a finite sequence of propositions, it uses
only finitely many hypotheses from the set S. Hence there exists a finite subset S’ C S such
that

S Fa.

Applying the Completeness Theorem once again, we obtain
S"E a.

Thus there exists a finite subset S’ of S such that S’ F «, as required.

Theorem 2.43 (Decidability Theorem) Statement | Proof required

If S is finite and a € Ly, then there exists an algorithm (in finite number of steps) deciding
whether or not S F «.

Proof. By the Completeness Theorem,
Sta ifandonlyif SFa.

So it is enough to show that there is a finite algorithm deciding whether or not S F a.

Since S is finite and « is a single proposition, there are only finitely many primitive propositions
appearing in the members of S and in «. Hence one may construct a truth table with finitely

16



many rows and finitely many columns, and use it to determine whether every valuation satisfying
all members of S also satisfies a.

Therefore there exists an algorithm which, in a finite number of steps, determines whether or
not S E a. By Completeness, the same algorithm determines whether or not S F «.

As in the weekly notes, it is also worth remembering that one could replace the truth-table check
by a semantic-tableaux check; since only finitely many propositions are involved, the tableau
process also terminates after finitely many steps.

2.6 What usually gets tested

e State Definitions 2.1, 2.2, 2.18, 2.25, 2.26, 2.27, and 2.37 exactly.

Carry out a tableau cleanly and read counterexample valuations from open branches.

Know the three axioms and use them flexibly with modus ponens.

Be able to give both a direct Hilbert-style proof and a proof using the Deduction Theorem.

e Know which results can be quoted to move from semantics to syntax and back: Soundness,
Adequacy, Completeness, Compactness, Decidability.

17



3 First-Order Predicate Logic and Theories

3.1 Structures, free variables, sentences, and terms

Definition 3.1 (L(IL, 2)-structure)

Given a set of predicate symbols II and a set of functional symbols 2, with assigned arities, an
L(I1, 2)-structure consists of:

1. a non-empty set U,
2. for each m-ary predicate symbol P in II, an n-ary relation Py on U,

3. for each n-ary functional symbol F' in €2, an n-ary function Fy : U™ — U.

Definition 3.4 (Free & Bounded Variables)

An occurrence of a variable symbol z in a formula « is free if it is not within the scope of a
“Yz”’; otherwise it is bound.

Definition 3.5 (Sentences)

A sentence is a formula containing no free occurrences of variables.

Definition 3.6 (Terms)

The set of terms is defined inductively by:
1. each variable symbol is a term,
2. each 0-ary functional symbol is a term,

3. if F' is an n-ary functional symbol and t1,...,t, are terms, then F't;...t, is a term.

Definition 3.7 (Closed Terms)

A closed term is a term containing no variable symbols.

Important distinction.
e Closed terms denote objects in a structure. (i.e. No truth or falsehood)
e Sentences can be true or false in a structure.

e A formula with free variables (i.e. Non-sentence) is not yet something whose truth is
determined globally.

If v is a formula, = a variable, and ¢ a term, then «[t/z] means: replace each free occurrence of
x in « by t.

Exam tip. In substitution questions, be careful not to allow a free variable of ¢ to become
bound inside «. That restriction also reappears in Axiom 4.

18



Definition 3.9 (Models)

If, for a structure U, a sentence « satisfies ay = 1, then « is true in U. Equivalently, U models
«, written

UF a.
If U E s for every s in a set T of sentences, then U F T

Definition 3.10 (Theory)

A theory in a specified language L£(II, ) is a set of sentences in that language.

3.2 Theory-building templates

When building a theory:
1. choose the language: predicates in II and functionals in €,
. state what each symbol is intended to mean,
. write axioms as sentences in Lyatn or L,

7 is used,

2
3
4. include equality axioms if “=
5. add cardinality constraints by naming elements with constants.

Equality axioms commonly needed

(V2)(¥y) ((z =y) = (y = 2)),
(V2) (V) (V2) ((z = y) A (y = 2)) = (v = 2)).
We should include two substitutivity sentences for each functional or predicate, e.g. for groups:
(V2)(¥y)(V2) ((z = y) = ((z - 2) = (y - 2)))-
(V) (Vy) (V2) ((z = y) = ((z - 2) = (2 y))).
Standard theory templates

e Graphs: take a binary predicate ~. Use
(Vz)=(z ~ ), (Vo) (V) ((z ~y) = (y ~2)).

e Posets: take a binary predicate < and equality. Use reflexivity, antisymmetry, and transi-
tivity:
(Va)(z < z),
(V2)(vy) (((z < y) Ay < 2)) = (z =y)),
(Vz)(vy)(V2) ((z < y) A (y < 2)) = (z < 2)).

e Groups: take a binary functional -, a 0-ary functional E, and a unary functional 7 (inverse).
Use associativity, identity, and inverse:

(Vo) (Vy)(V2) ((z - y) -z = - (y - 2)),
(V;L’)((El’ =z)A(x-E= 1’)),
(V) Fy) ((x-y = E)A(y-= = E)).
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Cardinality constraints

o At least n elements: introduce constants c1, ..., ¢, and assert pairwise distinctness, e.g. at
least 3 elements:

(=(A1 = A2) A =(A; = A3)), —(Ag = A3).
You must include ALL pairs, defining 4, j to range over is not acceptable.

o At most n elements:

Vz)((z=c1) V-V (z =¢)).

o Fzactly n elements: combine the previous two.

Special Properties

For ‘there are at least two ‘objects’ each assigned a given ‘property”,

(32)(3y) ((—(x = y)) A ‘z has property’ A ‘y has property’)
For example, when p has a property s.t. ‘p is connected to every vertex except itself’, then
F)((~(x=p)) = (p~2))
For ‘there are at most one ‘object’ with a given ‘property” (the “opposite” of ‘at least two’),

=(32)(Jy) ((=(z = y)) A ‘z has property’ A ‘y has property’)

For ‘there are exactly two ‘objects’ with a certain ‘property”,
(32)(3y) ((=(x = y)) A ‘z has property’ A ‘y has property’

A(Vw) (‘w has property’ = ((w =) V (w =y))))

Representative theory construction: posets with exactly 4 elements

Choose
In={=<}, Q={a,b,c,d},

where = and < are binary predicates and a, b, ¢, d are 0-ary functionals (constants).
The theory consists of:

1. equality axioms,

2. poset axioms,

3. pairwise distinctness:
4. the “at most 4”7 sentence:

(Vz)((z=a)V(z=b)V(z=c)V (z=d)).

The combination of "at least" and "at most" forces exactly four elements.
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3.3 First-order proof system

The first three axioms of propositional logic remain available. In addition we have:

Axiom 4
(Vz)a) = aft/z],

provided no free variable of ¢ becomes bound in « after substitution.

Axiom 5
(Vz)(a = B)) = (a = (Vz)B),

provided « has no free occurrence of x.

Rules of deduction
e modus ponens,

e generalisation: from « infer (Vx)a, provided no free occurrence of z appears in the hypothe-
ses used to prove a.

Definition 3.18 (Proof)

A proof of a formula « in L(I1, ) from S is a finite ordered list of formulae ¢4, ..., ¢, with ¢, = «
such that each line is:

e an axiom,
e a hypothesis from 5,
e obtained from earlier lines by modus ponens, or

e obtained from an earlier line by generalisation, subject to the usual restriction on free
variables.

Definition 3.19

We write
Ska

if there exists a proof of a from S.

Definition 3.21 (Theorem)

A theorem is a formula provable with no hypotheses, using only the five axioms, modus ponens,
and generalisation.

Theorem 3.22 (Deduction Theorem) Statement | Statement only

For formulae «, 8 and a set of formulae S,

St (a=p) ifandonlyif SU{a}F fS.

Theorem 3.23 (Soundness Theorem) Statement | Statement only

If S is a set of sentences and « a sentence, then

Sta = SFEa.
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Definition 3.24 (Consistency)

A set S of sentences in a first-order predicate language is consistent if there is no sentence « in

L(I1, ) such that S+ « and S+ —a.

Theorem 3.25 (First-order version of Theorem 2.39) Statement | Statement only

If S is a consistent set of sentences in a first-order predicate language, then S has a model.

Underlying idea only. Build a model from closed terms, extend to a complete consistent set,
and add witnesses where needed. The official proof is only a sketch and is not examinable.

3.4 First-order meta-theorems

Theorem 3.26 (Adequacy Theorem) Statement | Proof required

If S is a set of sentences and « is a sentence, then

SEa = Stoa.

Proof. Assume S F a. Then S U {—a} has no model. By the contrapositive of Theorem 3.25,
S U {—a} is inconsistent, so there exists a sentence 5 such that

Su{-a}Fp and SU{-a}kF g
Apply the first-order Deduction Theorem to obtain
StF ((—a) = B) and SF ((—a) = —p).

Now use the same Axiom 3 argument as in propositional logic to conclude S F a.

Theorem 3.27 (Completeness Theorem) Statement | Proof required

For a set of sentences S and a sentence «,

SEa ifandonlyif Sk a.

Proof. Combine Theorems 3.23 and 3.26.

Theorem 3.28 Statement | Proof required

For a set of sentences S,

S has a model if and only if S is consistent.
Proof. This is just a reformulation of Completeness together with the definition of consistency.

Theorem 3.29 (Compactness Theorem) Statement | Proof required

If every finite subset of a (possibly infinite) set S of sentences in a first-order predicate language
has a model, then S has a model.
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Proof. Suppose every finite subset of S has a model, but S itself has no model. By Theorem
3.28, every finite subset of S is consistent, while S is inconsistent. So there exists a sentence «
such that

Sta and S F —a.

Each proof is finite, so only finitely many hypotheses from S are used. Therefore there exist
finite subsets S/, S” C S with

e and S" F —a.

Then the finite subset S’ U S” is inconsistent, so by Theorem 3.28 it has no model. This
contradicts the hypothesis that every finite subset of S has a model. Hence S has a model.

Theorem 3.30 (Upward Lowenheim-Skolem Theorem) Statement | Proof required

If a first-order theory 1" has arbitrarily large finite models, then 7" has an infinite model.
Proof:
Suppose that the original theory T is defined using a set of predicates (II) and a set of functionals

().
In order to create infinitely many sentences, we are going to extend () by introducing in-
finitely many many constants {cy,co,...} s.t. @ = QU {cy, ca,...}. each ¢; has arity 0

Then, to the theory T”, we add sentences ensuring that all newly-introduced constants
are distinct, leading to theory T".

T'=TU{~(ci=c¢j):4,j €N; i #j}

“_»

(If the original theory T' does not involve an equality predicate, we shall introduce pred-

icate while adding the “equal sign sentences”.)

To show T” has a model, we consider any finite subset S of 7”. Since S is finite, sentences
in .S will involve only finitely many of the “¢;” constants. Hence sentences in S will be made up
of sentences that are of the form 7" + a qualification of “containing at least as many elements”

.. Sentences that could be in S but not in T" are those of the form —(¢; = ¢;)

So, by assumption, any model of T that contains “at least that many elements” will
also be a model for S (since T is a finite subset of S and we assume 7" has a model, then by
the compactness theorem, S has a model). So, every finite subset S of 7" has a model.

Then, by Compactness Theorem, the infinite theory 7" has a model (since every finite subset
of T” has a model)

Since T is a subset of T”, any model of T” is also a model of T. Hence, the infinite model we
have found for 7" is also an infinite model for T

Implication:

We cannot achieve a theory that will have as (normal) models all structures containing a finite
number of elements, or even a theory having as (normal) models structures containing an arbi-
trarily large (finite) number of elements, without such a theory also having an infinite (normal)
model.

Theorem 3.32 (Uncountable Upward Lowenheim-Skolem Theorem)| Statement | Proof required

If a first-order theory T has a countably infinite model, then 7" also has an uncountably infinite
model.
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Use. This is mainly quoted in exam answers about weak Peano arithmetic to show that the
theory is not categorical.

3.5 Weak Peano arithmetic

Take
I={=}  Q@={1s},

where = has arity 2, 1 has arity 0, and s has arity 1.

The axioms are:

PA.1 (Vz)(z = x),

PA.2 (Ya)(Vy) ((z = y) = (y = ),

PA.3 (Vz)(Yy) (V2) ((z = y) A (y = 2)) = (2 = 2)),

PA.4 (Vz)(Vy) ((z = y) = (s(z) = 5())),

PA5 (Vo) (Vy)((s(z) = s(y)) = (z =y)),

PA.6 (Vx)~(s(x) =1),

PAT (Y1) -+ (79a) ((p[1/2] A (v) (b = pls(x)/a])) = (va)p)

where p is a formula with free variable z as well as free variable yi,...,yn.

Here PA.7 is an induction schema: for each formula p, there is a corresponding axiom.

Why not every model is isomorphic to N?
e N is a countably infinite model of the theory.
e By Theorem 3.32, the same theory also has an uncountable model.
e An uncountable model cannot be isomorphic to N.

So the theory does not uniquely characterise the standard natural numbers up to isomorphism.

3.6 What usually gets tested

e State Definitions 3.1, 3.4, 3.5, 3.6, 3.7, 3.9, 3.10, 3.18, 3.19, 3.21, and 3.24.

Build theories carefully: language first, then axioms, then any cardinality restrictions.

Know Axioms 4 and 5 and the restriction for generalisation.

Be able to prove Compactness and Upward Lowenheim-Skolem.

Be able to describe weak Peano arithmetic and explain why it has non-standard models.
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4 Computability

4.1 Register machines and computable functions

Definition 4.1

A register machine consists of:
e registers Ry, Ro, ..., each holding a non-negative integer,
e a finite program with states Sy, S1, ..., Sh,
e 51 as the initial state,
e S; as the terminal state.

Each non-terminal state carries one of two kinds of instruction:
1. Add instruction: add 1 to R;, then move to state Sj.

2. Subtract-or-branch instruction: if R; > 0, subtract 1 from R; and move to Sj; if
R; = 0, move to Sy instead.

Definition 4.2

A function f : N’g — Ny is computable if there exists a register machine that starts with n; in
Ry, ...,ng in Ry, with all other registers zero, and halts with f(nq,...,nx) in Ry.

Definition 4.3

A partial function f : N’S — Np is a map whose restriction to some subset of its domain is a
function.

Definition 4.4

A partial function is computable partial if there exists a register machine that halts with the
correct output when the function is defined, and does not terminate when it is undefined.

Standard machine-building patterns.

R —1
/—\
Si Sk
Rj +1 IR ~.
/\ - A
Si Sk SZ
Add instruction Subtract-or-branch instruction
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This is the standard addition machine for f(m,n) = m + n: loop on Rg, and each time move
one unit from Ry into R;.

Representative register-machine design: compute 4m + 3n
Input: Ry = m, Ry = n, all other registers zero.

R -1

N R3—1 Ry +1 Ri+1
S3 Sy > S5 Se

Ry +1

Ri+ S

Ss 9 10 11

This machine first moves the value m from R; to Rs3, then uses the loop on Ss, Sy, S5, Sg, S7 to
add 4 to R; exactly m times, and finally uses the loop on Sg, Sg, S19, 511 to add 3 to R; exactly
n times. On termination, Ry = 4m + 3n.

4.2 Closure properties and recursive functions

Theorem 4.5 Statement | Proof required

The composition of computable (partial) functions yields a computable (partial) function.

Proof idea. Run the machine for the inner function(s), store their outputs in spare registers,
then run the machine for the outer function on those outputs. The resulting concatenated
program is again a register machine.
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Theorem 4.6 Statement | Proof required

Applying primitive recursion to computable (partial) functions leads to a computable (partial)
function.

Proof idea. Build a machine that starts from the base value and then iterates the recursive
step using a counter register. This is exactly the machine version of repeated computation.

Theorem 4.7 Statement | Proof required

Applying minimalisation to a computable (partial) function leads to a computable (possibly
partial) function.

Proof idea. Search through candidate values 0,1,2,... until the function value becomes 0; if
no such value exists, the machine never halts. That is why minimalisation naturally produces
partial functions.

Definition 4.8 (Set of recursive partial functions)

The set of recursive partial functions are defined inductively as follows:
1. the zero function is recursive,
2. the successor function is recursive,
3. every projection function is recursive,
4. composition of recursive (partial) functions yields a recursive (partial) function,
)

. primitive recursion applied to recursive (partial) functions yields a recursive (partial) func-
tion,

6. minimalisation applied to a recursive (partial) function yields a recursive function or recur-
sive partial function.

Theorem 4.9 Statement | Statement only

If f : Nk — Np is recursive (partial), then it is computable (partial).

Theorem 4.11 Statement | Statement only

If f : Nk — Np is computable (partial), then it is recursive (partial).

Practical consequence. In exam questions you can switch between “register-machine com-
putable” and “recursive” once one of these theorems is allowed to be quoted.

Representative recursive construction Typical question

Show that
h(m,n) = 2m(n +5)

is recursive.

Build it from standard recursive functions:
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1. The successor function is recursive, so
s’(n)=n+5
is recursive by repeated composition.
2. Addition is recursive by primitive recursion:
a(m,0) = m, a(m,k+1) = s(a(m, k)).
3. Multiplication is recursive by primitive recursion:
u(m,0) =0, p(m, k+1) = a(p(m, k),m).

4. The doubling function
d(m) =2m
is (2, m), hence recursive.

5. Therefore
h(m,n) = p(d(m), s*(n))

is recursive by composition.

4.3 Diagonal non-recursiveness

Proposition 4.12 Statement | Proof required

Suppose fi, fa,... is a list of all recursive partial functions from Ny to Ny. Define
(n) fa(n) +1, if fu(n) is defined,
n)=
g 0, if fn(n) is undefined.

Then g is not recursive.

Proof. Assume for contradiction that g is recursive. Then g = fi for some k in the list. Now
compare values at k.

If fr(k) is defined, then
g(k) = fr(k) +1,
so g(k) # fr(k), contradicting g = f.
If fr(k) is undefined, then by definition g(k) = 0, so g(k) is defined. Again this contradicts
g = fr, because then fi(k) would also have to be defined.

Hence g cannot be recursive.

Why this matters. This is the diagonal argument behind non-recursiveness and the halting-
problem phenomenon. It is the main conceptual reason there is no decision procedure for full
first-order logic.

4.4 What usually gets tested

e State Definitions 4.1, 4.2, 4.3, 4.4, and 4.8.

e Design machines for successor, addition, linear combinations, or simple piecewise functions.

Show a function is recursive by breaking it into zero, successor, projection, composition,
primitive recursion, and minimalisation steps.

Use the diagonal argument cleanly to prove a function is not recursive.
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