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1 Question 1: matrices as vectors, tensor basis, and the Frobenius
product

Concept box

A vector space is a set whose elements can be added and multiplied by real scalars while remaining
inside the same set. The elements do not have to look like column vectors. Here the elements are
2 x 2 matrices. The tensor notation e; ® e; is used concretely as the matrix unit eiejT, namely
the 2 x 2 matrix with a 1 in entry (¢, ) and zeros elsewhere. The double-dot product is the
Frobenius inner product:

2 2
A:B= tI‘(ABT) = Z Zaijbij.
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The standard basis of R? is

1(a) Showing that the set of 2 x 2 matrices is a vector space

My = {(5511 x12> 1Ty € R} .
ro1 T22

To show that this set is a real vector space, use the standard matrix operations.

First, addition is closed. If A, B € My, then

A+ B—(® oaz) bi1 bi2
as1 a9o9 b21 622

_ (e + bi1 a2 + bi2
a1 +ba1 asy + b2/’

Let

Every entry is real, so A+ B € M.

Second, scalar multiplication is closed. If o € R, then

air a2 aarilr «ai2
ald =« = € Ma.
a1 a2 aan] a9y
The remaining vector-space axioms, such as associativity, commutativity of addition, the existence of

a zero element, additive inverses, and distributivity, follow entry by entry from the corresponding
properties of real numbers. The zero vector in this vector space is the zero matrix

0 0
O2x2 = (0 O) )
4o (T —az)
—a1 —a

[ The set of all 2 x 2 real matrices is a real vector space under ordinary matrix addition and scalar }

and the additive inverse of A is

multiplication.




1(b) Linear independence of Ej,..., F; and representation of A and B

Define the four matrices
T T T T
Ei=e1®e=ere;, Ey=e1®er=erey, E3=e3®e; =eze;, Fi=ex®ey=ezey.

Writing them explicitly,

A= ()0 0-( 0) m= () 0 )= (6 o).
B-()00- (1), a=(1)0 -5 7).

To prove linear independence, suppose
a1 B + asFEy 4+ agFEs3 4+ agFy = 09xs.

Substituting the matrices gives

1 0 0 1 0 0 0 0
a1E1 + asFo + o3B3 + auEBy = o <0 O) + g <0 O) + o3 (1 O) + ay (O 1)
(o s
- a3 04 )
a1 Q2 o 0 0
as as) \O 0]’

ar =as=a3=ayg =0.

For this to equal the zero matrix,
each entry must be zero. Therefore

This proves linear independence.

The same calculation also shows spanning. Any 2 X 2 matrix can be written as a linear combination
of these four matrices:

a a
A= ( 11 12) =a1 B +aaFy + a21E3 + a22E47
a1 a2

bi1 b
b= (bn blz> = 011 By + b12Es + 021 E3 + by Ejy.
21 22

The matrices F1, Fa, E3, E4 are linearly independent and span Ms. Hence they form a basis of
the vector space of 2 x 2 matrices. The coordinates of A in this basis are (aj1, a2, a21, asz), and
the coordinates of B are (b1, b12, ba1, b22).

1(c) Orthonormality under the double-dot product and calculation of A : B

The double-dot product is defined by
A:B=tr(AB").
Since

ART — (@1 a2 bin a1\ _ (anbi 4 abiz  a11ba + a1z
as1 a2 ) \biz b a21b11 + abia  a21bar + agbar )’
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the trace is
A:B=tr(AB")

= (a11b11 + a12b12) + (a21b21 + azb)

= a11b11 + a12b12 + ag1b21 + azebos.
Now check orthonormality. The matrices E1, ..., F4 each have exactly one entry equal to 1 and all
other entries equal to 0. Thus

E,:E =1
for each ¢. If 7 # j, then the 1s in E; and Ej; occur in different positions, so the sum of entry-by-entry
products is zero:
Ei:Ej=0 (i#7).
Equivalently,
E;: E; = 0y,

where 6;; = 1 if i = j and 6;; = 0 otherwise.

For example,

E\ : Ey = tr(E\E, )
“elo D)3
0 0/\1 0
00
:tr<0 O)ZO’
Ey: By = tr(FqFE,)
“l(o o) (10
0 0)\1 0
~u(y o)1

The basis Ey, Ey, E3, Ey is orthonormal under A : B = tr(ABT), and

and

A B = anbii + aibiz + aziba + anba |

1(d) ECONO0010 Only: components of H = F'G

Let

In matrix form, these are

(F1 B _(G1 Ga
The matrix product H = FG is
_ P R\ (G G
\F3 Fy) \G3 Gy

FiG1 + FoGs Fi1Gy + FyGy
F3G1+ FyG3s F3Go + FuGy )



Since H = H, E1+HyEs+ Hs Es+H, Ey, the entries of this matrix are the components (Hy, Hy, Hs, Hy).

Hy = F1G1 + F2Ga, Hy = F1Go + F>Gy,
Hs = F3G1 + F4G3, Hy = F5G5 + F4Gy.




2 Question 2: constrained optimisation on a circle

Concept box

A Lagrange multiplier solves constrained optimisation by combining the objective and the
constraint into one function. The constraint here is a circle: (7 — 2)? 4 (22 — 2)? = 4, centered
at (2,2) with radius 2. At an interior regular constrained optimum, the gradient of the objective
is parallel to the gradient of the constraint. The envelope theorem gives the derivative of the
optimised value with respect to a parameter by differentiating the Lagrangian with respect to
that parameter, holding the optimiser fixed.

-

J
The objective is
F(x) = zq29, x = <x1>
Z2
The parameter is
(2
a=1,]
and the constraint is
g(w,a) = (2 —a) (@ —a) —4=0
At a = (2,2)7, this is
(1 —2)% + (2 —2)> —4=0.
2(a) Lagrangian and first-order conditions
Use the Lagrangian
E(xl, x9, /\) =X1To — )\((331 — 2)2 + (:CQ — 2)2 — 4).
The first partial derivative with respect to A is
oL
oy = (- 2)2 + (z9 — 2)* — 4)
=4 — (21 —2)% — (22 — 2)°.
The two partial derivatives with respect to 1 and xo are
oL
— =x9—A-2(x1 —2
0, 2 (z1 —2),
oL
— =x1— A 2(x2 — 2).
61‘2 1 (:CQ )
Setting all three derivatives equal to zero gives
4— (21 -2)* = (22— 2)* =0, (1)
o — 2)\($1 - 2) == 0, (2)
Tr1 — 2)\(%2 - 2) =0. (3)

L=x119 — )\((.’L’l = 2)2 + (ZL‘Q = 2)2 = 4)

and the first-order conditions are (1)—(3).




2(b) Finding all local optima

Start from the two stationarity equations:
x9 =2z — 2),
x1 = 2X(x9 — 2).
Subtract the second equation from the first:
xg —x1 = 2X\(11 — 2) — 2A (22 — 2)

= 2)\(1‘1 — ZL'Q)
= —2)\(1'2 — {L‘1).

Hence
(I4+2X)(x2 —x1) =0.

There are therefore two cases.

Case 1: x1 = 9. Let x1 = 29 = z. The constraint becomes

(=27 + (2 -2)* =4,

2(z —2)% =4,
(z—2)* =2,
z—2=4V2.

Thus
2=24+V2 or z2=2-2.

For these candidates, use zo = 2\(z1 — 2), or
z2=2\z—2),

SO

If z =2+ /2, then

If z =2 — /2, then

ao2ove_ 11
—2V/2 V2 o2
Case 2: 142X =0. Then
v 1
=3

Hence



Substitute 9 = 2 — 7 into the constraint:

(z1 —2)* + (22 — 2)* =4,

(21 =2+ (2—21) —2)* =4,
(21— 2)% + (—1)? = 4,

(23 —4day +4) + 27 =4,

212 — 4a1 = 0,

2z1(x; —2) =0.

~— ~—

Thus 1 = 0 or 1 = 2. The corresponding values of xo = 2 — z1 are o = 2 and zo = 0.

e B\
The four constrained stationary points are
1
0,2 A=—-
0.2) 3
1
2,0 A=—=
(2,0), 3
(2-v2,2-V2), =t
2 V2
1 1
24+2,24+V2), A==+ —=.
N J

2(c) Nature of the local optima
The Hessian of the Lagrangian with respect to (x1,x2) is

L L
2 Tx% (9:)31(9x2 _2)\ ]-
Vil = | o2f e | =\ 1 —an]-

Ox20x1 0x3

The Lagrangian has been written as
L(z,\) = F(x) + Ah(z), h(z) =4 — (z1 — 2)% — (22 — 2)°.

Hence the border in the bordered Hessian follows from

2L on 2L  on
P R T L v il el

Equivalently, since g(z) = (z1 — 2)% + (72 — 2)? — 4 = —h(z), using Vg instead of Vh reverses the
signs in the border only. The official convention for this Lagrangian is therefore

0 4 —2x1 4—2x9
HB = 14— 2:E1 —2A 1
4 — 2x9 1 —2A

At the four stationary points, this gives

040 00 4
Hp(0,2)= 14 1 1], Hp(2,00= |0 1 1],
01 1 4 1 1

0 —2v/2 —2V/2 0 2v2 2v/2
Hp2+V2,2+V2) = | -2v/2 —-1-V2 1 , Hp(2—-v2,2-v2)=|2v2 vV2-1 1
—2V/2 1 —1-v2 2V/2 1 V2 -1




For one equality constraint in two variables, the bordered-Hessian test with the above convention is
especially simple:

‘det(HB) < 0 = local minimum, det(Hp) > 0 = local maximum.

Thus the classification can be made directly from the determinants of the four bordered Hessians.

Point (0,2). The bordered Hessian is
0 40
Hp(0,2)=[4 1 1
011

Expanding along the first row gives

11 4 1 4 1
det Hp(0,2) =0 11 —4‘0 1 +0|O 1
—4(4-1-0-1)
=-16 < 0.
Therefore (0,2) is a local minimum.
Point (2,0). The bordered Hessian is
0 0 4
Hp(2,0)=10 1 1
4 1 1
Expanding along the first row gives
11 0 1 01
det Hp(2,0) =0 11 -0 41 —|—4|4 1
=4(0-1—4-1)
=-16 < 0.
Therefore (2,0) is also a local minimum.
Point (2 — /2,2 — v/2). The bordered Hessian is
0 2v2  2V2
Hp(2—v2,2—-v2)=[2v2 v2-1 1
2v2 1 V2-1
Expanding along the first row gives
V2-1 1 \f 1 2f V2-1
Hp(2—-—v2,2—+v2)= -2 2

= —2v2[2v2(V2 - 1) — 2v2] + 2@[2\/5 —2V2(v2 - 1)]
= —2V2[2V2(V2 - 2)] + 2v2[2v2(2 - V2)]
=8(2—V2)+8(2-Vv?2)

=32 - 16v2 > 0.

Therefore (2 — /2,2 — v/2) is a local maximum.



Point (2 + /2,2 +/2). The bordered Hessian is

0 —2V/2 —2V/2
Hp(2+v2,2+V2) = | —2v2 —-1-2 1
—2v/2 1 -1—-v2

Expanding along the first row gives

detHB(2+\/§,2+\/§)=0‘_lzﬁ _1i - (= 2\”‘ 2% _1i
(- 2f>‘ e Y

= 2v2[(-2v2)(-1 - v2) = (-2v2)] — 2V2[(-2v2) - (-2v2)(-1 - v2)]
= 2v2[2v2(2 + V2)] - 2v2[ - 2V2(2 + V2)]

=8(2+V2) +8(2+V?2)

=32+ 16V2 > 0.

Therefore (2 + /2,2 + 1/2) is a local maximum.

The objective values are

F(0,2) =0,

F(2,0) =0,
F(2-v2,2-V2)=(2-V2)?=6-4V?2,
F(24+V2,24+V2) = (24+V2)2=6+4V2.

Because the circle lies in the closed first quadrant and touches both axes, x1x2 > 0 on the feasible
set. Hence (0,2) and (2,0) are global minima, and (2 + v/2,2 + v/2) is the global maximum.



Constraint circle and level curves of F(x) = x1X>
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Figure 1: Constraint circle and level curves of F'(z) = xjx2. This is included as a visual check; the
local classification above uses only the bordered Hessian.

‘(O, 2) and (2,0) are local, indeed global, minima.‘

(2 — /2,2 — V/2) is a local maximum, and (2 + v'2,2 + v/2) is the global maximum.

2(d) ECONO0010 Only: global optimum and the envelope theorem

From the objective values above, the global maximum is

. 2+/2 2
x(a):<2+\/§> at a:<2>,

1+1
2" o

For a general parameter vector a = (a1, az) ', write the constraint as

with multiplier

A* =

g(z,a) = (1 —a1)* + (2 —ag)?* —4 = 0.
The Lagrangian is

L(z,a,\) = F(x) — A\g(z,a).

10



Let
V(a) = F(z*(a))

be the maximised value. The envelope theorem gives

ov. oL
dai 00|y (a) x=2*(a)

Since

dg
90, ~ —2(x; — a),
it follows that
oL 0g
8a2- - 7)\8(11'
= —A[-2(2 — ay)]
= ZA(IZ — CLZ').
Therefore
V.V (a) =2X*(a)(z*(a) — a)
Ata=(2,2)T,
) V2
r*(a) —a = (\&) .
Thus
V.V (2,2) =2 (2 + \2) g)
(12 (V2
-(1+%5) (ﬂ)
= (1+V2) (g
(2+V2
24+v2)"

p
The global maximum is

The envelope-gradient of the optimised value is

VaF(x*(a))‘a:(Z,Q)T - (Z i g) '

Strictly speaking, this is the gradient of the value function V' (a) = F(z*(a)), not the ordinary
partial derivative of F'(x) with respect to a while holding x fixed.

-

11



3 Question 3: a two-dimensional linear difference equation

Concept box

A stationary solution of a difference equation is a value that remains unchanged over time. For
a linear system x;11 = Az + b, deviations from the stationary state follow the homogeneous
system 2,41 = Az;. Eigenvalues determine long-run behaviour: if every eigenvalue has modulus
less than 1, deviations vanish; if an eigenvalue has modulus greater than 1, generic deviations

grow.
11 1

Tep1 — ¢ = My — a, M = 13 21 , a= .
7 3 —1

Tip1 = (I + M)z — a.

) |

The notation Ag is used here to avoid confusion with the matrix named A in Question 1.

-

The system is

Equivalently,

Let

A0=I+M:<

GRS
WIN DO~

3(a) Stationary solution

A stationary solution x, satisfies
Ts—Ts = Mz, — a.

The left-hand side is zero, so
Mzs—a=0, or Mxs = a.

Thus

Compute M~!. For

the determinant is

11
9 4
409
36 36
__5
36
Therefore
1 _1 1
Ml = 3 2
det(M) (—; —;,)
B
- T = 1 1
5\~3 —3
(12 18)
_ 5 5
— |1 12/
5 5

12



Hence

8
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3(b) Asymptotic behaviour and stability

Let the deviation from the stationary state be

2t = Tt — Tg.

Because x; satisfies x3 = Apxs — a, subtract the stationary equation from the original equation:

Tpp1 — s = (Apzy — a) — (Apzs — a)

= A()(.T,'t - QZS).

Hence
Rt+1 = Aoz

The stability of x, is therefore determined by the eigenvalues of

Aoz( )

0= det(Ao — ’I“I)

DOl Lol
[SUININIE

The characteristic equation is

2 1
= det (3 " 2

1
2

2

3

(2 2 1
=\|lz—-r)] —-.
3 4

Set this equal to zero:

G-) -
3 ') T v
2
— —r = —
3
If%—r:%,then
2 1 1
r==-— = -
3 2 6
If%—r:—é,then
2+1 7
r=—-+-=-.
3 2 6



The eigenvalues are therefore

7 1
T == Ty = —
1 6 ) 2 6
For asymptotic stability in a discrete-time system, all eigenvalues must satisfy || < 1. Since
7
=1 >1,
i

the stationary state is not asymptotically stable for generic initial conditions.

The unstable eigenvalue 7/6 corresponds to eigenvector (1,1)". The stable eigenvalue 1/6 corresponds
to eigenvector (1, —1) 7. Therefore the path converges only when the initial deviation has no component
in the (1,1)" direction. Equivalently,

(w10 — 25,1) + (220 — T5,2) = 0.
Since x51 + =52 = 0, this condition is

1,0 + T2,0 = 0.

The stationary state is not asymptotically stable because Ay = I + M has eigenvalue 7/6, whose
modulus exceeds 1. Convergence occurs only for initial conditions on the stable line

1,0 + T20 = 0.

3(c) General solution

From the deviation equation z;41 = Agz;, repeated substitution gives
_ At
Zt — OZO.
Since z; = x¢ — x5, the general solution is
T = Ts + Aé(azo — ).

It remains to compute AB.

For r; = 7/6, solve (Ag —r1I)v =0:

7
A06I:<

win

N[ |
[SNEN]

| N =

[<2EN
N———
Il
/N

[N I
N —
| DI —
D=
N————

[SSI1\)

This gives —v; + v9 = 0, so choose

For r, = 1/6,

N[ N[
v

which gives v + vy = 0, so choose

Let

o= O
~—



Then

Ay = PDP L.
The inverse of P is
1 (-1 -1 1/(1
-1 _ _ =
P _—2<—1 1) 2(1
Therefore
AL = pDtp~1.

Compute this product step by step:

R H
. S0 B

1 ., (Tt+1 7—-1
t _ tpa—t
4 _26 <7t—1 Tt+1)

3(d) ECONO0010 Only: expression using the difference operator

Let the time series be

X = ( oy Tp—1y Tty Tt415 - - .)T.

The forward difference operator A maps X to the time series whose t-th entry is

(AX)t = Tt41 — T¢-

In block-matrix form, A has —I on the main block diagonal and I on the first upper block diagonal:

The original equation is
Ti41 — Tt = M.Z't — a.

15



To write this as

AX =MX + A,
define the block-diagonal operator
M 0 0
M= 0 M 0 ’

and the constant time series
A= (...,—a,—a,—a,...)T.

Thus the t-th block of MX + A is Mz, — a, exactly matching the original equation.

Under the standard forward-difference convention (AX); = z441 — 24,

AX =MX + A, A:(...,—a,—a,—a,...)T.

If a course convention defines A with the opposite sign, both sides must be adjusted consistently.

16



4 Question 4: an opinion model, Jacobians, and Euler equations

Concept box

Each agent chooses an opinion ;. The first-order condition for each agent is one equation;
collecting these equations gives a vector field. A vector field assigns a vector to each possible
opinion vector. The Jacobian of the vector field records how those first-order conditions change
when opinions change. Stability is governed by the eigenvalues of the Jacobian: in continuous

time, strictly negative real parts imply local stability.
-

There are n agents. Agent j’s opinion at time ¢ is (), and the vector of opinions is

Ul(t)

The utility of agent j is

uj(o(t)) =n;t)o;(t) — %Uj(t)2 + 0 (t)(Ca(t));,

where C has zeros on the diagonal and R; > 0. The matrix C is the interaction matrix. Define

R = diag(R1,..., Rn).

4(a) First-order conditions and matrix form

For a fixed time ¢, suppress the time argument for clarity. Agent j’s utility is

R.
u;(o) = njoj — 7]0? + 0j(Co);.

The term (Co); is
(CU)J' = chi0i~
=1

Since the diagonal of C is zero, c¢;; = 0. Therefore (Co); does not contain o;. Differentiating with
respect to o; gives

Ouj _ 9 v O (B 2) 9 o,
9o, = 9o (n;o5) 9o < B o; )+ Do [0j(Co);]
=1; — Rjo;j + (Co);.

The first-order condition is
nj — Rjoj 4 (Co);j = 0.

Rearrange it:
Rjoj — (Co); = ;.

Stacking these equations for j = 1,...,n gives
(R—-C)o* =n.

If R — C is invertible, then
of=(R-0C)"n.

{ (R—C)o* =m, o* = (R —C)"lnif R — C is invertible. }

17



4(b) Jacobian of the first-order conditions and stability

Define the vector of first-order conditions as
v(oc) =n—TRo +Co.

The equilibrium condition is
v(o™) =0.

The Jacobian of this vector field is the matrix of partial derivatives

J = V(o).

Because 7 is independent of o,
Ven =0.
Also,
Vs(—Ro) = =R,

and

V,(Co) =C.
Hence

J=-R+C.

Entry by entry,

7= oy {—Rj, i =7,
Ji =

o Cjis i £ 7.

For gradient-learning dynamics in continuous time, a natural local adjustment equation is
o =nyv(o), v > 0.

Linearising around ¢*, let 6o = o — o*. Since v(c*) = 0, the first-order approximation is

b0 =~Jdo.

The factor v > 0 does not change the signs of real parts of eigenvalues. Therefore local stability
requires every eigenvalue of J to have strictly negative real part.

The optimal opinion distribution is locally stable under continuous-time gradient learning if

‘Re(ri(J)) < 0 for every eigenvalue 7;(J). ‘

4(c) Utility at the optimal opinion distribution
At the optimum, the first-order condition gives
nj — RjO'; + (CO'*)j =0.

Thus

n; + (Co®); = Rjoj.

18



Now evaluate utility at o*:

From part (a),
Since

we have

uj(0") = Bory = G (-0 )] = B[]

The square is algebraically necessary: utility at the optimum is quadratic in the optimal opinion
or.
J

4(d) ECONO0010 Only: Euler equations for the optimal path

Let the planned path be z(t) = (21(t),...,2,(t))". The community starts from
z(0) = o(0)

and reaches the optimal consensus state at time T

The utility-rate for agent j is

Uj(x(t), &5(t)) = u;(z(t)) —

For each component x;(t), the Euler equation is
ou; _d (945 _
8:13]' dt 83':j N

oU; _ O
8CU]‘ N 8:Cj
=1nj — Rjzj + (Cx);.

Compute the two terms. First,

19



Second,

ou; _ 9 [_5‘2]
0i;  0i; | 2
= —fi;.
Therefore
dfou;\ _d, ... ..
at <a%> = dt(—ﬁ%) = —Bij.

Substitute into the Euler equation:
nj — Rjxj + (Cx)j — (=pi;) =0,
n; — Rjxj + (CCC)J + pi; = 0.
Rearrange:
Bij = Rjxj — (Cx)j — ;-
In vector form,
Bi(t) = (R —C)z(t) —n.

Because (R — C)o* = n, this can also be written as

pi(t) = (R = C)(x(t) — o).

p
The optimal path solves the boundary-value problem

[Bi(t) = (R— C)x(t) — 1= (R - O)(a(t) — o")

with boundary conditions

Component by component,

20



5 Question 5: nonlinear differential equations, stationary states,
linearisation, and phase flow

Concept box

The model is a system of two first-order ordinary differential equations. A stationary state sets
both time derivatives equal to zero. To study local behaviour around a stationary state, use
the Jacobian matrix: it is the linear approximation to the nonlinear system. If both eigenvalues
of the Jacobian have negative real parts, nearby paths converge back to the stationary state.
Figenvectors identify the principal directions along which the linearised flow moves.

-

The system is
k(t) = sTk(t)\2h(t)"/? — 6k(t),
P 1/3 _h(®)
h(t) = Hk(t)3h(t) (1 . ) :

where

s, T,H,6,x >0, k(t) > 0, h(t) > 0.

5(a) Type of differential equation

There are two state variables, k(t) and h(t), so this is a system. Only first derivatives, k(t) and A(t),
appear, so it is first order. The independent variable is time ¢, and the system contains ordinary
derivatives rather than partial derivatives, so it is ordinary. The right-hand sides contain powers
such as kY2hY2 k1/3h, and h2, so the system is nonlinear.

[ ‘The model is a system of two nonlinear first-order ordinary differential equations. ‘ }

5(b) Stationary states

A stationary state (k, h) satisfies

0 = sTk'/2n/% — 5k, (4)
0= Hk?h (1 - Z) : (5)

Start with equation (4):
0= sTkY2h!/? — 5k.

Factor out k1/2:

0= k1/2 (sThW - 5k1/2) .

Therefore either
or

If £ > 0, square both sides:

$?T?h = 6%k,
s2T?
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Now use equation (5):

The last condition gives
h =x.

Boundary stationary states. If £ = 0, then both equations are zero for any h > 0. Therefore
(k7h) = (07 h)? h >0,

is a continuum of boundary stationary states. The special point (0,0) is included in this set.

Interior stationary state. For k£ > 0, equation (5) requires h = x, since h = 0 would imply k£ =0
from equation (4). Substituting h = x into

27?2
b=t
gives
S2T2

Therefore the economically meaningful stationary state is

22
* ¥ xs°T

e N
All relevant stationary states are
| (k,h) = (0,h), h>0,]
and the positive economically meaningful stationary state is
272
xs“T
N J

5(c) Linear approximation around the meaningful stationary state and stability

Define
fi(k, h) = sTE'2pM? — 6k,
folk,h) = HE'*h <1 — h) .
X
Then

k _ fl(kvh)
h)— \falk,h))

on  Oh
J(k,h):@% gg).

The Jacobian is

Oh
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Compute each partial derivative.

For fl)

For fo, write

Then

Now evaluate at

First,

Second,

Third,

of _ L _1/9,1)2
% =sT 2k h 0,
of _ Lo1/2,-1)2
ah =sT 2/<: h .

folk,h) = HEY? (h - h2> :

X

2 gL o233
Ok 3k h x /)’
dfa 1 3( 2h>
2 HEVB (1),
Oh X
* 82T2 *
k= X52 . R =1
on|  _sT (h*)“ s
S )”2 s
2 \xs?T?/6?
T 62 1/2
2 <52T2> -9
ST b
T2 ST
__9
=3
of|  _sT (k)w
8T x32T2/52
2 X
_ T ST
2 6
s27T?
BEET
dfa H —2/3 X2
=z (2 _ A
H *
=5 ()" 23 (x —x)
=0.
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Fourth,

Ofs * 1/3< 2X>

== = H(k 1-=

oh (k*,h*) ( ) X
= H(K)?(1-2)

Thus the Jacobian at the meaningful stationary state is

o 5272
J = ( 0 _H (XiiTQ)l/S) .

(SIS}

For small deviations

the linear approximation is
d (dk(t) _ 7 Ok(t)
dt \on(t)) " \6h(t))"

Because J is triangular, its eigenvalues are its diagonal entries:

5 22 1/3
T = —=, TQZ—H (XS ) .

2 52

Since all parameters are positive,
r < 0, ro < 0.

Therefore the meaningful stationary state is locally asymptotically stable.

s ~
J = ( 0 _H (X5622T2)1/3) .
d [ok(t)\ 7 Ok(t)

dt \oh(t)) — 7 \oh(t))"

Both eigenvalues are strictly negative, so the meaningful stationary state is locally asymptotically
L stable.

The linearised system is

J

5(d) ECONO0010 Only: eigenvectors and flow around the stationary state

For compact notation, define

272 272
«_ XS T _ *\1/3 _ 3 T
K* =, a=H(EKH3, = 5
Then the Jacobian is 5
J={"2 °].
0 —-o
The eigenvalues are
4]
r = —5, r9 = —«
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Eigenvector for r; = —§/2. Solve
(J —riI)v=0.

0 c

If the eigenvalues are distinct, then —a + /2 # 0. The equations imply

Since r; = —§/2,

cv =0,
so v = 0. Choose v1 = 1. Hence
m_ (L
; (0) .
Eigenvector for ro = —«. Solve
(J —rol)v=0.
Since ro = —a,

[
_ _(@—2 ¢
J 1"2] ( 0 0)

)
(a—z)v1+cv2:0.

The equation is

Set v9 = 1. Then

_c
a—0/2

_c

52—«

2712
26

o ng(K*)l/S
s2T?
T 5 (6 — 2H(K*)R)

V1 =

Therefore a right eigenvector is

52712

»@ — 5(6_2H<X5622T2)1/3>

1

For completeness, the left eigenvectors are eigenvectors of J . For the distinct-eigenvalue case, they

can be chosen as
_ 82-28H(K*)V/3 0
w = 272 7 w? = < ) )
1 1

The right eigenvectors are more important for drawing the phase flow, because they give directions
of motion in the (dk, Jh) plane.
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Local phase flow sketch around the meaningful stationary state

\ A W W T ¥ 1\ ) T T T T
stationary state
1.0 ' - eigenvector direction (1, 0)
== eigenvector direction (-1, 1)
0.5 \

e

N

/\\

deviation 6h

(( N
—0.5 1 s \

Figure 2: Local phase-flow sketch in deviations from the meaningful stationary state. The plotted
representative parameters are 0 = s =1 = H = y = 1, giving the stable Jacobian J = <_%)/ 2 1_/12)
The qualitative feature of interest is convergence toward the origin and non-orthogonal eigendirections.

The phase diagram is drawn in the deviation variables (0k,dh). The stationary state itself is therefore
at the origin of the diagram. Since both eigenvalues are negative, arrows point toward the origin.
The eigendirections show the straight-line directions along which the linearised system moves without
changing direction. Because J is generally not symmetric, the right eigenvectors are generally not
perpendicular; the flow can therefore approach the stationary state along skewed directions rather
than orthogonal axes.

If & = 9/2, the two eigenvalues coincide. The eigenvalue is still negative, so the state remains locally
stable, but the matrix may have only one independent right eigenvector because the off-diagonal
term ¢ > 0. This is a degenerate repeated-root case; the generic distinct-eigenvalue formula above
applies whenever o # 0 /2.

<

For the generic distinct-eigenvalue case,

s2T2
1/3
o) _ (é) L@ 5(5 o (2272) )
1

Both eigenvalues are negative, so nearby paths converge to the meaningful stationary state.

N J
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