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1 Notation glossary

The original papers use a mixture of ordinary mathematical notation and Mathematica-style
notation. Throughout this manual I use the following conventions.

Original or informal notation Standard notation used here

£ [x] /(@)

Log[x] Inx

{x,y} <z>, unless row-vector notation is explicitly intended

A x Ax

X .y x |y, where appropriate

Lower-case bold letters Vectors, e.g. x,Vv, e

Upper-case letters Matrices, e.g. A, J, H, M

I, The n x n identity matrix

uRv The outer product uv', unless a different interpretation
is forced by context

(o —1)? The Euclidean squared norm (o — 1) (e — 1), where
1=(1,1)7

x’ [t] and x"[t] z(t) and Z(t)

x[t+1]-x[t] X1 — Xy

Figenvalues Usually denoted by A;, m;, or u; to avoid conflict with
model parameters

Reciprocal basis Vectors b, satisfying b}—ak = 0k, where 0j;, = 1if j =k

and 0 otherwise

2 Solutions to ECONO0010 Problem Set 2, 2026

2.1 Question 1: Matrix algebra
1(a)

Question in standard notation

Given e; = (1,0,0)7, e; = (0,1,0)", and e3 = (0,0,1) ", calculate

A=e1®e; +ae; Qe — e ®ey + beg ® e3 + ces ® es.

Since u® v = uvT, each term places its coefficient in a particular matrix entry:
1 00 0 a O
eije; =10 0 0], aeiep =10 0 0],
0 00 0 0 O
0 0 O 000 0 0 0
—exe; = [0 —1 0], bese; =|0 0 0|, ceseq=[0 0 0
0 0 O 0 0 b 0 ¢ O

Adding gives



1(b)

Question in standard notation

Solve the eigenvalue problem Aa; = A\;a; for ¢ = 1,2, 3. Find the characteristic equation
and the eigenvalues.

The characteristic equation is det(A — AI3) = 0. Here
1-A a 0
A== 0 —-1-Xx 0
0 & b— A
Expanding down the first column gives
det(A—AI3) = (1= A)(=1=XA)(b—=N).

Thus the characteristic equation is

(1=X(=1=X2)(b-X) =0,

so the eigenvalues are 1, —1, and b.

(I=N)(-1-NG-XN=0, M=1 l=-1 l=b

1(c)

Question in standard notation

Find eigenvectors for the three eigenvalues and decide whether the three eigenvectors are
orthogonal.

For A\; =1, solving (A — I)v = 0 gives v2 = 0 and, generically, v3 = 0, so we may take

a; =

S O =

For Ay = —1, solving (A + I)v = 0 gives
2v1 + ave = 0, cug + (b + 1)vs = 0.

Taking ve = 1 gives
—a/2
ag = 1 y b 75 —1.
—c/(b+1)



For A3 = b, the generic eigenvector is
0
az=|0], b#1,—1.
1

Orthogonality would require all dot products to be zero. But

C
b+1

T a T
31322_5, a2a3:—

These are not zero in general.

Final answer

1 —a/2 0
ap=|0|, ay= 1 , az= |0
0 —c/(b+1) 1

The eigenvectors are not orthogonal in general.

1(d)

Question in standard notation

Find vectors b; forming a reciprocal basis to the eigenvectors from part (c), so that
b;'—ak = 5jk~

Place the eigenvectors in a matrix P:

1 —a/2 0
P=1]0 1 0
0 —¢/(b+1) 1

The rows of P! give bjT. Direct inversion gives

Q
~

[\

o

o
~
—~

S

_l’_

—_
~—

—_

Therefore

1 0 0
b, = CL/2 5 bo=|1], bs = C/(b—l— 1)
0 1

For example,

T a a T
b132:—§+§:0, b332:



2.2 Question 2: Optimization

2(a)

Question in standard notation

Let
f(z,y) = In(zy®) — B(2? + y?), 0<b<l1l, p>0.

Maximize f over z > 0, y > 0. Find the first-order conditions.

Because In(zy®) = Inx 4 blny, the logarithm requires 2 > 0 and y > 0. Thus any relevant
optimum is interior. The first partial derivatives are

2(b)

Question in standard notation

Solve the first-order conditions and explain why only one solution is relevant.

The first equation gives 22 = 1/(28), so formally
1

x::t\/T?.

The second gives 32 = b/(28), so formally

b

28"

There are four algebraic sign combinations. However, the logarithm and the constraint x > 0
require > 0 and y > 0. Therefore only the positive solution is economically and mathematically

y==

relevant.

Algebraic solutions: 4, r=— Yy ==

2(c)

Question in standard notation

Calculate the Hessian in general and at the relevant local optimum. Classify the optimum.

The Hessian is diagonal:

—1/2% - 23 0
H(l’,y):< 0 —b/y2—25>'



At 2* =1/y/28 and y* = \/b/(2),
1

R —26=-206-28=-45,

and

b
- —28=-23-28=—48.
2= 2820 = —4p

Since > 0, H* = —4515 is negative definite.

Final answer

_ 2 _

‘ (z*,y") is a strict local maximum. ‘

2(d)

Question in standard notation

Use the envelope theorem to find df(z*,y*)/0b.

Holding z and y fixed,
of _
ob

By the envelope theorem we evaluate this at the optimum:

In y.

2 (0" (6.8 = lny* =)

681) (x*,y") = %ln (;B) .

2.3 Question 3: Difference equations

3(a)

Question in standard notation

Let
_(y+z— 212
V(IB, y) - <y + oy — 2y2>

and consider x;41 —x¢ = v(x;). Check whether v is a gradient field and find all stationary
states.

For a two-dimensional vector field v = (v1,v2) to be a gradient field on a simply connected

region, we need
8’1)1 61}2

dy Oz’



Here
on _ Ova _
oy or 7
These are not equal for all (x,y), so the field is not a gradient field.
Stationary states solve v = vo = 0:

y+x—2z% =0, y(l+x—2y)=0.
If y=0,thenz—222 =0, s0o0z=0o0rz =1/2. If 14+ 2 —2y =0, then y = (14 2)/2.
Substituting into the first equation gives

1+«

5 +r—222=0 <— 422-3x-1=0,

so x =1 or z = —1/4. The corresponding y values are 1 and 3/8.

‘V is not a gradient field. ‘

0,0, (1/2,0), (1,1), (~1/4,3/8).

3(b)

Question in standard notation

Calculate the Jacobian of the vector field at arbitrary (z,y).

The Jacobian collects all first partial derivatives:

_ [Ovi/ox Ovi/oy)  [1—4x 1
J(x’y)_<6vg/8x Ovy /Oy ) y 1+x—4y)’

3(c)

Question in standard notation

Determine how many stationary states are strictly stable.

The nonlinear difference equation is
X1 = X¢ + V(xy).
Near a stationary state xg, small deviations satisfy
01 = (Lo + J(x5))0.

Strict stability in discrete time requires all eigenvalues of I3 + J(xs) to have modulus less than 1.



Stationary state Eigenvalues of I + J Strictly stable?

(070) 2,2 no

(1/2,0) 0,5/2 no

(1,1) _3"2“/5, _3;\/5 no
13 + /145

(—1/4,3/8) — no

At least one eigenvalue has modulus greater than 1 in every case.

Number of strictly stable stationary states: 0.

PS2 Q3: vector field and stationary states
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Figure 1: Vector field, nullclines, and stationary states for PS2 Question 3. The arrows are
normalized to show direction clearly.

3(d)

Question in standard notation

Choose one stationary state with J ' # .J, compute the relevant eigenvectors, and comment
on how small deviations evolve as t — co.

The Jacobian is symmetric only when y = 1. Among the four stationary states, only (1,1)
has y = 1. Therefore there are three stationary states with non-symmetric Jacobian. Choose

(1/2,0).
At (1/2,0),
-1 1 0 1
J:(O 3/2>, B::I+J:<O 5/2>.
8



The eigenvectors of B are

=0, r = ). —§ ro = 1
M1 = U, 1 — 0) ,LL2_2’ 2 — 5/2 .

Thus a deviation component in the ry direction disappears after one period, while any component
in the ro direction grows like (5/2)°.

Final answer

There are 3 stationary states with J' # J.

J(1/2,0) = (‘01 3}2>, r = <(1)> ry) = (5}2>.

‘Generic deviations diverge because |5/2| > 1. ‘

2.4 Question 4: Constrained optimization

4(a)

Question in standard notation

An agent chooses o = (01,02)" > 0. Utility is
u(o) = /o109,
and the constraint is
glo)=(c-12-1=(01 -1} + (o2 -1)2-1=0.

Give the Lagrangian, sketch isoquants and the constraint, and comment on expected local
constrained optima.

Using the sign convention £ = u — Ag,

L(o1,05,0) = /o103 = A (01 = 1)* + (02 = 1)2 = 1).

The constraint is the circle of radius 1 centred at (1,1). Since u is increasing in the product
o109, its isoquants are hyperbolas o109 = k2.

£=aio3 = A((01 = 1)*+ (02 - 1)* = 1).




PS2 Q4: isoquants of v 010, and constraint
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Figure 2: Constraint circle and isoquants for u(o) = \/o103. With strict positivity, the axis
points are excluded. If non-negativity is allowed, they become boundary minima.

4(b)

Question in standard notation

Find the first-order conditions and all local optima for o > 0.

The derivatives of u are

The first-order conditions are

ou

doy

1
2 2L _2\(o— 1) =0,

02

Dividing the first two equations gives

02

0'1—1
0'2*1

01

—

(01 —1)* + (002 —1)* = 1.

(09 —01)(01+02—1)=0.

The second possibility, o1 + o2 = 1, meets the circle only at (0,1) and (1,0), which are excluded
by o > 0. Hence o1 = 02. The constraint gives

2001 —1)2 =1,

10



SO 1
o1 =09=1+—.

V2

The corresponding multipliers satisfy 1/2 = 2A\(o1 — 1), hence

PR
4(0‘1—1) 4

Final answer

(V01 08) = <{f,1+¢1§,1+;§>, (ff,l_;i,l_;i).

‘Number of smooth local optima with o > 0 : 2. ‘

Question in standard notation

Calculate the bordered Hessian and determine the nature of the local optima.

The Hessian of u is

1./09 1
40-:1))/2 41/0'10'2
1 1./01
4«/010’2 403/2

Viu =

Since V2g = 215,
V2 L=V —2\I,.

The bordered Hessian is

0 2001-1) 2(os—1)
Hp = 2(0’1 — 1) L11 Lo
2(oq — 1) Loy Lo

For classification, use a tangent vector. At both diagonal candidates the constraint gradient is
proportional to (1,1)", so a tangent vector is z = (1, —1)T. Direct substitution gives

2' V2, Lz <0
at both candidates. Therefore both are constrained local maxima.

Final answer

0 2(0’1 - 1) 2(0‘2 — 1)
HB = 2(0’1 — 1) Uil — 2\ U192
2(0’2 — 1) u21 ug9 — 2

Both smooth local optima are local maxima. ‘

11



4(d)

Question in standard notation

If the choice set is changed from o > 0 to o > 0, how does the number and nature of
local optima change?

The circle also contains the axis points (0,1) and (1,0). They were excluded by strict
positivity. If non-negativity is allowed, they become feasible. At both points,

u(o) = /o109 = 0.

Since u > 0 everywhere on the feasible set, both are global minima. The derivative of u is singular
at the axes, so these points are boundary optima rather than smooth Lagrange candidates.

‘Additional feasible optima: (0, 1) and (1,0). ‘

‘They are boundary global minima. ‘

2.5 Question 5: Differential equations

5(a)

Question in standard notation

Consider ;
Z(t) + ax(t) + Ea:(t) =1.

Let y(t) = @(t) and rewrite the equation as
d (=) _ (=@ fi(t)
@t <y<t>> - <y<t>> " (fz(t)> |

Since y = &, the first equation is & = y. The original equation gives

y::ﬁzl—ay—zx.

Therefore

5(b)

Question in standard notation

Find a stationary state and a condition on a, b for strict stability.

A stationary state satisfies £ = 0 and ¢ = 0. Hence y* = 0 and

b
021—1.%*,

12



so * = 4/b when b # 0.
The eigenvalues of M solve

—-r ]. 2 b_
det(_b/4 —a—r) =r —{—ar—kZ—O.

For a two-dimensional continuous-time system, both eigenvalues have negative real parts exactly
when the trace is negative and the determinant is positive. Here

tr(M) = —a, det(M) = Z

Thus strict stability requires a > 0 and b > 0.

5(c)

Question in standard notation

If b= —1, find a solution x(t) = (x(t),y(t)) " satisfying 2(0) = z¢ and y(0) = #(0) = yo.

With b= —1,
1
T4+ar——-x=1.
+ 4
A constant particular solution is x, = —4. The homogeneous characteristic equation is
1
2
T ar — — =0,
+ 4
with roots
—a++Va?+1 —a—+Va?+1
T+ = —2 s r— = —2 .

Let A = va? +1 and zy = zg + 4. Then
z(t) = —4+ Cye™t + C et
The initial conditions give
Cy+C_ = 2, rieCy +r_C_ = yo.
Solving,
.= W7 C. = w
Finally y(t) = &(t).

Final answer

Yo — - (.’EO + 4) rait 7’+(:1:0 + 4) — Yo ¢t

= —4 o
x(t) + A e’ + A et
y(t) — T+y0 - T‘A(J/'O + 4) eT+t e T+(.’E0 14) — yOeT‘_t7

where A =+va?+1and ry = (—a+ A)/2.

13



5(d)

Question in standard notation

Show that the second-order equation is the first-order condition for a dynamic optimization
problem with utility rate
u(z, &) = ax + Bz + vi?,

and determine «, 3, .

The Euler-Lagrange equation is

() g
or dt \o&/)

Here 5 5 478
i i U
g _ 92 T _9 — (=) =
e T (83’0) v
Therefore
. . B a
a+20x—2vi=0 <+<— i-—--—zr=—.
Y 2y

This equation has no & term. Therefore the displayed utility rate matches the given differential
equation exactly only when a = 0. In that case we need

8 b a
vy o4 2y
The scale of («, 8,7) is not unique. Taking v = 1 gives

Final answer

‘Exact match under ordinary Euler-Lagrange requires a = 0. ‘

If the intended problem included an explicit time weight such as e®u(xz, ), a first-derivative

term would appear. That extra assumption is not stated in the question.

14



3 Solutions to ECONO0010 Late Summer Assessment 2025
3.1 Question 1: Differential equations and opinion dynamics
1(a)

Question in standard notation

Two agents have opinions & = (01,09) " and evidence = (11,72) . Agent j has utility

1 R —C
uj(o) = njoj — 5%’(30)3» R= (_0121 R212> :

with R; > 0 and Cj; > 0. Each agent chooses only their own opinion. Find the first-order
conditions and the matrix M such that n = Mo*.

For agent 1,
(Ro)1 = Rioy — Crz09,

SO
1 1
Ul = 1N01 — §R10% + 50120‘102.

The first-order condition with respect to oy is
1
m — Rio1 + 501202 =0.

Similarly,

1
N2 — Raoo + 5(72101 =0.

Rearranging,

1 1
m = Rio1 — 5012027 Ny = —502101 + Raoo.

1(b)

Question in standard notation

Assume Ry = Ry =1, C13 = C91 = 2/c with ¢ > 0, and continuous-time gradient learning
with learning rate . Find the differential equations, the stationary state, and the range
of ¢ for stability.

Under these assumptions,

1 1 1
“Cy = =Cyy = -
9 12 9 21 c

Gradient learning means

ou;
G;i(t) = y=—2.
J 60']'
Therefore ) )
51—7<U1—01+CU2>, @—”y(m—az—i—c(ﬁ).

15



In vector form,
. 1 —1/c
6 =1(n— M), M= (_1/0 1/ )

The stationary state solves Myos = 1. Since

_ 1 1 1/c
1 _
Mo _1—02<1/c 1)’

we obtain

For stability, deviations satisfy
. -1 1/c
z = YNz, NZ(I/C _/1>

1 1
—1+=, —1—-.
C C

The eigenvalues of N are

Since v > 0 and ¢ > 0, both are negative exactly when ¢ > 1.

Final answer

. (o)) . o1
0127(771—0’1-1-0), 0’2=7<772—02+C).

o. — 1 62771-1-0772
ST 21 \em+cEn )

‘Strict stability iff ¢ > 1. ‘

1(c)

Question in standard notation

Show that the general solution is
a(t) =N (o (0) — o) + s,

for the constant dynamic matrix N, and calculate "V,

From part (b),
o =~(n— Myo).

Since Myos = 1, subtracting the stationary state gives
6 =vMy(os — o) = —yMy(o — o).

Thus N = —M, and

This has solution



The matrix
Nﬁ_(ui &f>
has eigenvectors (1,1)" and (1,—1)T, with eigenvalues —(1 — 1/¢) and —(1 + 1/¢). Hence
E,(t) = e 0=1/e)t E_(t) = e Y(1H1/0)t

and

LSA Q1: opinion-learning vector field, c=2, y=1
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Figure 3: Illustrative opinion-learning vector field for LSA Question 1 with ¢ =2 and v = 1.

1(d)

Question in standard notation

Find the marginal utility of ¢ for both agents at the stable stationary state.

With C1o = Co1 = 2/c¢, agent 1’s utility is

1, 1
Uy = Moy — 501 + 2010'2.

17



By the envelope theorem, the effect of ¢ through agent 1’s own optimized choice does not need
to be included. Holding opinions fixed,

8’11,1 1
—— = ——0109.
Oc c2

The same expression holds for agent 2. At the stationary state,

e = Clem + ) 5. = Clm +cmn)
e -1 2-1

2s —

Therefore
015025 (em +n2)(m + cn2)

c? (2 —1)2

dc  dc (c2—1)2

Qui _ Oug _ (em +m2)(m + cen2)

The negative sign is natural when the stationary opinions have the same sign: increasing c
reduces the complementarity coefficient 1/c.

3.2 Question 2: Constrained optimization

2(a)

Question in standard notation

Maximize or optimize
f(x) = z12273

subject to
g(x)=p'x—15=0, p=
1/2
Write the Lagrangian.

Using £ = f — Ag,

1
L =z12003 — A\ <x1 + 229 + 5563 = 15) .

2(b)

Question in standard notation

Find the first-order conditions and all local optima x* with 27 > 0 for j =1,2,3.

The equality-Lagrange first-order conditions are

oL

9L s —A=0
81’1 T2T3 ’

18



oL

2wy — 23 =0
(9:1:2 T1x3 )
oL 1

L e —A=0
6x3 T1X2 2 )

1
xr1 + 229 + §ZL’3 = 15.

For an interior solution, z1,z9,xz3 > 0. Dividing the first two equations gives x1 = 2xs.
Comparing the first and third gives x3 = 2x1. Thus x3 = 4x2. The constraint becomes

2x9 + 219 4 229 = 15,

5
332:5, x| =5, x3 = 10.

The multiplier is A = zoz3 = 25.
The equality-Lagrange equations also allow the intercept candidates with two variables zero.
These are
(0,0,30), (0,15/2,0), (15,0,0),
all with A = 0.

Final answer

1
rox3 — A= 0, r1x3 — 2\ = O, 1T — 5)\ = 0,

1
$1+21’2+§SL’3—15:0.

1(0,0,30;0), (0,15/2,0;0), (5,5/2,10;25), (15,0,0;0),]

where the fourth entry is A.

Ambiguity or interpretation

If ; > 0 is treated as a full inequality constraint, then every feasible point with at least
one zero component has f = 0 and is a weak global minimum because f > 0 on the
non-negative budget simplex. The four points above are the candidates obtained by the
displayed equality-Lagrange equations.

2(c)

Question in standard notation

Determine the bordered Hessian and evaluate the nature of all local optima.

The Hessian of f = xyxox3 is

0 r3 I2
Hfy=1z3 0 x
Tro I 0

Since the constraint is linear, V2g = 0, so this is also the Hessian of the Lagrangian with respect
to x. With the convention that the constraint gradient is placed in the first row and column,

0 1 2 1/2

1 0 T3 i)

2 I3 0 Tl
1/2 29 1 0

Hp =

19



At the interior candidate (5,5/2,10), tangent directions satisfy
21+ 229 + %Zg =0.
Writing z; = —229 — 23/2, the restricted quadratic form is
2 Hyz = —g (1623 + 42025+ 23) <0

for any nonzero tangent vector. Therefore the interior candidate is a strict constrained local
maximum. In fact it is the unique global maximum for the non-negative budget simplex.

At the intercepts, if negative values were allowed they would be saddle-type for the equality
problem. Under the non-negativity restriction, they are weak boundary minima with value 0.

Final answer

0 1 2 1/2
1 0 T3 )
2 I3 0 e

1/2 Tro I 0

Hp =

(5,5/2,10) is the unique global maximum;

boundary zero-product points are weak minima under x; > 0.

2(d)

Question in standard notation

Explain the interpretation of the value found for the Lagrange multiplier.

For the interior maximum, A\* = 25 under the Lagrangian
L=f—-Xp'z—15).
If the right-hand side of the constraint is changed from 15 to B, the value function is
V(B) = max{x1zox3 : 1 + 222 + 23/2 = B, z; > 0}.

The envelope theorem gives

V'(15) = \* = 25.
So one additional unit of the resource/budget raises the optimized objective by approximately
25 units near B = 15.

A\* = 25 is the marginal value of relaxing the constraint p' z = 15.

3.3 Question 3: Difference equations

3(a)

Question in standard notation

Consider
Ti41 — Ty = —axs + by + o, Yir1 — Yt = —ay + bz + yo.

Write this as x;41 — x¢ = Mx; + Xg.

20



Let x; = (z4,1:) | and xg = (x0,30) . Then

M= <‘b“ _"a>.

3(b)

Question in standard notation

Calculate the stationary state x;.

A stationary state solves
0 = Mx, + xg,

SO
Mxs, = —Xxg.

() 6= G)

The determinant is a® — b2, and the inverse is

Equivalently,

Thus
axy + by
a? — b? 2 2
= be.
>0 bro +ayo |’ s
B

3(c)

Question in standard notation

Determine the conditions on a,b > 0 for stability, sketch the region in the (a,b) plane,
and give the general solution in terms of xg, X5, and a time-dependent matrix B;.

Deviations z; = x; — X satisfy
—a

1- b
zii1 = (I + M)z, I+M:< b“ . )

The eigenvectors are (1,1)" and (1, —1)T, with eigenvalues

pyr=1—a+b, p-=1—a—>o.
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Strict stability requires

1 —a+bl <1, 1—a—bl <1.

For a,b > 0, this is equivalent to

The general solution is

where

a>b, a+b<2.

x¢ = Bi(x0 — Xs) + Xs,

(

t

e_ 1
2

phy + b ph —p

Bi=(I+M
=T =gt -t +pt

) |

Final answer

‘H—a+M<1, |1—a—M<1ﬂ

‘Fora,b>0: b<a<2—b.‘

1
Bt:2<

(l1—-a+bi+(1—-a-bf 1—-a+bt—(1-—a—0b)
(1—a+bt—(1-a—-b! 1-a+bi+(1—a—0>)

)

LSA Q3: discrete-time stability region

,// stable:b<a<2-b
1.2 4 / —— a=b
/ at+b=2
G
G
G
1.0 A //
/
/7
Vi
Vi
Vs
0.8 4 ,’
’
/
//
Q /
0.6 //
Vs
/
Vi
//
0.4 4 Vi
Vs
Vs
Vs
Vs
’
0.2 /7
Vi
Vs
Vs
Vs
Vs
0-0 T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
a

Figure 4: Stability region for LSA Question 3: a,b >0, a > b, and a + b < 2.
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3(d)

Question in standard notation

The paper displays a perturbed system with |§] < 1:
z(t) = —ax(t) + b(1 + 0)y(t) + o, y(t) = —ay(t) + b(1 — 0)x(t) + yo.

Find the new M, calculate the eigenvalues, and give quadratic approximations of the
eigenvalues and eigenvectors. Comment.

The notation changes from a difference equation to & in the paper. The coefficient matrix is
the same object to diagonalize in either case; for the discrete-time stability matrix one would
add 1.

The new coefficient matrix is

B —a b(1+9)
Ms = (b(l—é) —a )

Its eigenvalues solve
(—a—m)* —b*(1 —6%) =0,
SO
my = —a+byv1— 42, m_ = —a—by1— 42
Using 1 — 62 =1 —§2/2+ 0(0%),

my = —a+b— 252 +0(6Y, m_=-a—b+ 252 +0(8%).

Because Mj is not symmetric when § # 0, right and left eigenvectors differ. A convenient exact

choice is
(V144 [ VI+6
e \vi=s) T \evi=s)

for right eigenvectors, and

Vv1—26

- (V)

, _<\/1—5> )
+=\vits)

for left eigenvectors. Since

2
\/lié—lig—(;—l—O(é?’),

the eigenvectors shift at first order in §, while the eigenvalues shift only at second order.

Final answer

—a b(1+9)
Ms = (b(l—&) —a >

m+z—a—|—b—g(52, m,%—a—b—{—géQ.

Asymmetry changes eigenvectors at order  but eigenvalues at order §2.
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3.4 Question 4: Matrix algebra
4(a)

Question in standard notation

Let

Suppose

Calculate det(A), the characteristic equation for an eigenvalue m, and x = (z,y) .

The determinant is
det(A) = ad — be.

Assuming ad — bc # 0,

Thus

The characteristic equation is

d—m

det(A — mlI) = det (a_cm b ) =0,

(a—m)(d—m)—bc=0 <= m?—(a+dm+ (ad—bc)=0.

Final answer

‘det(A) = ad — be. ‘

AN b+d
y) ad—bc\—(a+c)]’

m? — (a4 d)m + (ad — bc) = 0.

4(b)

Question in standard notation

If a € R, show directly that det(aA) = a?det(A4). Comment on the n x n case.

We have

Therefore
det(aA) = (aa)(ad) — (ab)(ac) = o?(ad — be) = a? det(A).
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For an n x n matrix, multiplying all entries by a multiplies each of the n rows by «, so the
determinant is multiplied by a”.

det(aA) = a?det(A) for 2 x 2 matrices.

‘det(aA) = a'"det(A) for n x n matrices.

Question in standard notation

Show that
det(A)I —tr(A)A+ A% = 0.

This is the 2 x 2 Cayley—Hamilton identity. We can verify it explicitly. First,

2
_ 9 [a”+bc ab+bd
tr(4) =a+d, 4 _<ac+cd be+d* |

Then

det(A)] — tr(A) A + A2
~ [ad —bc 0 _ (ala+d) bla+d) n a’+bc ab+ bd
N 0 ad — be cla+d) d(a+d) ac+cd bec+d* )’

Each entry simplifies to zero.

det(A)I — tr(A)A+ A? = 0.

4(d)

Question in standard notation

Assume det(A) # 0. Decide whether the following statements are true:
1
det(4) = 5 ((br 4)2 = tr(4?))

and
det(M) = det(tr(M)I — M).

For the first statement,

tr(A) =a+d,
and ,
2 a +bC ab—I—bd 2y 2 2
A _<ac—i—cd betd? ) tr(A°) = a* + 2bc + d-.
Therefore

% ((a+d)? — (a® + 2+ d?)) = ad — be = det(A).

So the first statement is true.

25



For any 2 x 2 matrix M = (Z Z),

tr(M)I — M = ( d b) ,

—c a
whose determinant is ad — be = det(M). So the second statement is also true.

Final answer

det(A) = % ((tr A)? — tr(A2)> is true.

‘det(M) = det(tr(M)I — M) is true for 2 x 2 matrices.‘

3.5 Question 5: Optimization and dynamic optimization

5(a)

Question in standard notation

Three agents have opinions o1, 03, 03, common evidence 7, and community utility

Ulo) = Z (naj - 20]2- - g ((Uj —0j41)’ + (0j-1 — Uj)2)> ’

where 09 = 04 = 0 and p, R > 0. Find the first-order conditions.

The penalty terms double-count neighbour disagreement between agents and also penalize
the endpoints for being away from the outside fixed opinions 0. Differentiating with respect to
o1, 092, and o3 gives

n— (R+3p)or +2uos =0,

n+2uo1 — (R+4p)or + 2p03 =0,
N+ 2po2 — (R + 3p)os = 0.
Equivalently,

Final answer

‘(RJF 3p)or — 2poy = 77»‘

‘ —2uo1 + (R+4p)oe — 2uos =1, ‘

\ —2po2 + (R + 3p)os =n. \

Question in standard notation

Solve the first-order conditions and interpret the result.

By symmetry, 01 = 03 = s and 02 = m. The first and second equations become

(R +3u)s — 2um = n,
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(R+4u)m — 4us = .
Solving this 2 x 2 system gives

__ n(R+6p) B+ TH)
R2 + TRy + 4p%’ R2 + TRy + 4p%’

Hence

o n(R+6p)
U R2 4 TR+ 4p2’

n(R+7u)

. (R + 6p)
27 R4 TRu+4p2’

3T R2+ TRy + 442

g g g

The middle agent has the largest opinion when 1 > 0 because the endpoint agents are pulled
toward the boundary opinions og = o4 = 0. If u = 0, all agents choose /R, as they would
without neighbour effects.

5(c)

Question in standard notation

Calculate the Hessian and classify the solution.

The Hessian of U with respect to (01, 09,03) is

—(R+ 3p) 24 0
H = 21 —(R+4p) 2p
0 2u —(R+3p)
To classify, examine —H:
R+3n —2p 0
—-H=| —2p R+4p —2u
0 —2u R+ 3u

The leading principal minors are positive for R,y > 0:
R+3u >0,

(R+ 3u)(R+ 4p) — 4p® = R* + TRy + 8 > 0,

and the full determinant is also positive. Hence —H is positive definite, so H is negative definite.
The critical point is therefore the unique global maximum of this strictly concave quadratic
objective.

Final answer

—(R+ 3p) 2p 0
H = 2u —(R+4p) 2u
0 2u —(R+3p)

‘The solution is a strict global maximum. ‘
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5(d)

Question in standard notation

For a continuum of agents x € [0, 1] with opinion o(z), suppose community utility is

Ul = [ (nff(x) oy - (j;)j a.

Find the differential equation whose solution optimizes utility and state the type of
differential equation.

The integrand is

o 4oy
do  dz \9do')
Here 9F oF
or o _ v
Oo n - o, oo’ Ho
Therefore q
n_RJ_@(_MO‘/):O < n—Ro+pus’" =0.
Equivalently,

po" () — Ro(z) +n = 0.

A linear, second-order, ordinary differential equation with constant coefficients. ‘

The boundary conditions are not stated in the question. If the continuum analogue of
oo = 04 = 0 is imposed, one would use fixed boundary conditions such as ¢(0) = (1) = 0.
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LSA Q5: illustrative continuum opinion profile

0.10 4

0.08 A

=< 0.06 -

o(x

0.04 -

0.02 A1

0.00 - Example: R=pu=n=1, 0(0)=0(1) =0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: Illustrative continuum solution under fixed endpoints ¢(0) = o(1) =0 for R = pu =
n = 1. The figure is illustrative because the exam question asks only for the FEuler-Lagrange
differential equation.
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